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The Berry curvature involving time and momentum derivatives, which we term emergent electric
field, induces a nondisspative current known as the adiabatic charge pumping or Thouless pumping
in periodically driven systems. We study dissipative currents originated from the interplay between
emergent electric fields and electric/magnetic fields in two and three dimensions on the basis of
the Boltzmann transport theory. As an example of two-dimensional models, we study the Rashba
Hamiltonian with time-dependent and anisotropic spin-orbit coupling. We show that the interplay
between emergent electric fields and electric fields leads to a current transverse to electric fields,
which is symmetric and contributes to the entropy production. As an example of three-dimensional
models, we study the Weyl Hamiltonian under AC electric fields. We show that the interplay between
emergent electric fields and magnetic fields leads to a Hall-type current at zero DC electric fields,
which is now transverse to DC magnetic fields: jx = σxyBy (σxy = −σyx). The Hall photocurrent
is relevant in the inversion symmetry breaking Weyl semimetals such as TaAs or SrSi2.
I. INTRODUCTION
Transport phenomena under external fields such as
electromagnetic fields, temperature gradient, and me-
chanical strain are one of the fundamental subjects in
physics. Although familiar and classical effects such as
Ohm’s law, Hall effect, Seebeck effect, and Nernst ef-
fect have been found in the 19th century, new trans-
port effects such as quantum Hall effect [1–3], (quan-
tum) anomalous Hall effect [4–11], (quantum) spin Hall
effect [12–18] and chiral magnetic effect (CME) [19–22]
still have been found in last four decades in systems
with breaking of time-reversal symmetry and/or inver-
sion symmetry (parity).
It was soon realized that those new transport phenom-
ena can be uniformly described by using the Berry phase
and Berry curvature [23]. We can define the Berry con-
nection a = u†i∇pu and Berry curvature b = ∇p × a
in (three-dimensional) momentum space, by using wave
function u(p) [p are monetum]. We term the Berry
curvature b emergent magnetic field, which leads to a
momentum analogue of Lorentz force (anomalous group
velocity) in the semiclasscial wave packet dynamics of
electrons [9, 24]. The aforementioned transport phenom-
ena are originated from the anomalous group velocity
because of the interplay between the emergent magnetic
field b, and electric fields E or magnetic fields B, e.g.,
jHall ∼ b×E, and jcme ∼ B(v ·b), where v = ∇pε is the
group velocity of Bloch electrons.
When Hamiltonian depends on time t under time-
dependent external fields such as AC electric fields, wave
function depends on t [u(t,p)]. Now we can define
time-component of the Berry connection a0 = u
†i∂tu,
and the associated Berry curvature fpit = ∂pia0 − ∂tapi
(pi=x,y,z), which behaves as electric field in momentum
space [e = (fpxt, fpyt, fpyt)], and induces an analogue of
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the coulomb force in the semiclasscial wave packet dy-
namics of electrons [9, 24]. We term the Berry curvature
e emergent electric field. It is known that the emer-
gent electric field induces a nondissipative DC current in
periodically driven systems, which is referred to as the
adiabatic charge pumping or Thouless pumping [25–29].
However in contrast to the emergent magnetic field b,
the transport phenomena originated from the interplay
between it and other external fields such as electromag-
netic fields have not been discussed yet.
In this paper we study dissipative currents originated
from the interplay between emergent electric fields and
electric/magnetic fields on the basis of the Boltzmann
transport theory with the relaxation time approxima-
tion. Although we can consider a natural analogue of
the anomalous Hall effect, that is, the Hall current in-
duced by emergent electric fields along the direction
transverse to them in the presence of magnetic fields,
jHall ∼ B×e [30], it flows in momentum space and is not
relevant in transport phenomena in real space. To discuss
the effect of the interplay in real-space transport phenom-
ena, we need to consider the change of the distribution
function by external fields and study dissipative currents.
We show, by studying the Rashba and Weyl Hamiltoni-
ans as examples, that there arise new types of anomalous
currents originated from the interplay between emergent
electric fields and electric/magnetic fields. Below we use
natural units (~ = c = 1).
II. TWO DIMENSIONAL SYSTEM
A. Model Hamiltonian
We consider the two-dimensional fermion model with
spin-orbit and Zeeman couplings. The model Hamilto-
nian is given as
H = p
2
x + p
2
y
2m
+ σxλy(t)py − σyλx(t)px −M(t)σz, (1)
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2where σi are the 2 × 2 Pauli matrices. λx(t) and λy(t)
are anisotropic coupling strengths of the Rashba spin-
orbit interaction [31, 32] in surface states with C2v point
group symmetry [33, 34]. Both of them depend on the
potential gradient perpendicular to the surface, λx,y ∼
∂zV [34] (We term the direction perpendicular to the
system z direction), and are experimentally controlled
by applying gate voltage [35]. We assume that λx(t) and
λy(t) periodically oscillate with the same frequency ω,
which is physically realized by oscillating gate voltage
with the frequency ω e.g., V ∼ V0(z) cosωt. M(t) is the
coupling between electron’s spin and external magnetic
field or (mean-field) magnetization. We also assume that
M(t) depends on time, which is physically realized by
time-dependent external magnetic field perpendicular to
the system. We rewrite Eq. (1) as
H = R01 +Riσi, (2)
where R0 = (p
2
x + p
2
y)/2m, R(p) = (Rx, Ry, Rz) =
(λypy,−λxpx,−M), and 1 is the 2 × 2 unit matrix. We
hereafter employ the Einstein convention for repeated
indices. The instantaneous eigenvalues of the Rashba
Hamiltonian (1) or (2) are given as
ε± = R0 ±R(p)
=
p2x + p
2
y
2m
±
√
λ2xp
2
x + λ
2
yp
2
y +M
2, (3)
where R(p) = |R(p)|. The instantaneous eigenvectors
read
u−(t,p) =
(
sin θ2e
−iϕ
− cos θ2
)
, u+(t,p) =
(
cos θ2e
−iϕ
sin θ2
)
, (4)
where R, θ and ϕ are the spherical coordinates in R
space. Then we can obtain the Berry connection and
Berry curvature in R space as
a±R =
(
u±
)†
i∇Ru± = 1∓ cos θ
2R sin θ
ϕˆ, (5)
bR = ∇R × a±R = ±
Rˆ
2R2
, (6)
where Rˆ, θˆ, and ϕˆ are the unit vectors in the spherical
coordinates. For later purpose, we calculate the Berry
curvature in three-dimensional space ξµ = (t, px, py):
a±ξµ =
(
u±(p)
)†
i∂ξµu
±(p), (7)
f±ξµξν = ∂ξµa
±
ξν
− ∂ξνa±ξµ . (8)
We can obtain f±ξµξν by using the pullback from R space
to ξ space:
f±pxpy = ∂pxR
m∂pyR
lmlnb±nR
= ∓1
2
λxλyM(
λ2xp
2
x + λ
2
yp
2
y +M
2
) 3
2
,
(9)
∫ 2pi
ω
0
ωdt
2pi
f±pxt =
∫ 2pi
ω
0
ωdt
2pi
∂pxR
m∂tR
lmlnb±nR
= ∓
∫ 2pi
ω
0
ωdt
2pi
1
2
pyλx (∂tλyM − λy∂tM)(
λ2xp
2
x + λ
2
yp
2
y +M
2
) 3
2
∼ ∓1
4
ωpy (λx0∆y − λy0∆x) ∆M cos δ(
λ2x0p
2
x + λ
2
y0p
2
y +M
2
0
) 3
2
± 3
4
ωpyλ
2
x0p
2
x (λx0∆y − λy0∆x) ∆M cos δ(
λ2x0p
2
x + λ
2
y0p
2
y +M
2
0
) 5
2
,
(10)∫ 2pi
ω
0
ωdt
2pi
f±pyt =
∫ 2pi
ω
0
ωdt
2pi
∂pyR
m∂tR
lmlnb±nR
= ±
∫ 2pi
ω
0
ωdt
2pi
1
2
pxλy (∂tλxM − λx∂tM)(
λ2xp
2
x + λ
2
yp
2
y
) 3
2
∼ ∓1
4
ωpx (λx0∆y − λy0∆x) ∆M cos δ(
λ2x0p
2
x + λ
2
y0p
2
y +M
2
0
) 3
2
± 3
4
ωpxλ
2
y0p
2
y (λx0∆y − λy0∆x) ∆M cos δ(
λ2x0p
2
x + λ
2
y0p
2
y +M
2
0
) 5
2
.
(11)
Here we decompose λx, λy and M into nonperturbative
static and perturbative time-dependent parts as λx(y) =
λx0(y0) + ∆x(y) cos(ωt) and M = M0 + ∆M sin(ωt + δ)
[λx0(y0)  ∆x(y), and M0  ∆M ]. We consider a
monochromatic oscillation with the frequency ω, and
evaluate the Berry curvature up to the leading order of
∆x, ∆y, and ∆M .
B. Boltzmann transport theory
We calculate the anomalous currents on the basis of the
Boltzmann transport theory with the relaxation time ap-
proximation. In two dimensions, the Boltzmann equation
with Berry curvature corrections is given as [30]
∂nl
∂t
+ x˙ · ∂nl
∂x
+ p˙ · ∂nσ
∂p
= −1
τ
(nl − n0l) , (12)
(1 + qBbσ) x˙ = v˜ + bσzˆ × E˜, (13)
(1 + qBbσ) p˙ = E˜ + qBzˆ × v˜, (14)
where l = (σ,p), τ , and q > 0 denote the electron states
(spin and momentum), relaxation time, and elementary
charge, respectively. n0l = n0(ε˜l) is the equilibrium dis-
tribution function with n0 being the Fermi-Dirac distri-
bution function. B is the magnetic field along the z di-
rection, and bσ = fσpxpy (zˆ is the unit vector along the
z direction). We define v˜ and E˜ as v˜ ≡ ∇pε˜l − eσ and
E˜ ≡ −qE−∇xε˜l, where ε˜l = εl−ml ·B(x)zˆ withml be-
ing the orbital magnetic moment, and eσ = (fσpxt, f
σ
pyt).
Below we consider static and homogeneous magnetic field
3and take E˜ = −qE.
By assuming spatially homogeneous distribution, we
solve the Boltzmann equation in the ωτ  1 regime. The
distribution function reads, up to linear order of electric
and magnetic fields,
nl = n0l + δn1l + δn2l
= n0l + τ
dn0l
dε
qE · v0l + τ dn0l
dε
(qBzˆ × eσ) · v0l,
(15)
where v0l = ∇pεl. The electric current is given as
j = q
∑
l
(eσ + bσzˆ × qE)n0(εl)
− q
∑
l
(v0l − eσ) δn1l − q
∑
l
v0lδn2l, (16)
where we define
∑
l ≡
∑
σ
∫
d2p/(2pi)2, and neglected
O(e2) terms, which may suffer from contributions from
higher order terms in the kinetic theory. We note that
the Zeeman energy shift does not contribute to anoma-
lous currents in the leading order in E and B. The first
term gives two anomalous currents. One is the so called
adiabatic charge pumping [9] and the other is the intrinsic
contribution to the anomalous Hall effect [7–9]. They are
apparently independent of relaxation time and nondissi-
pative. The second term gives the conventional dissipa-
tive current induced by electric fields, and the anomalous
one originated from the interplay between e and E. In
the Rashba Hamiltonian, the former induces the current
parallel to electric fields, but no current transverse to
electric fields. On the other hand, the latter gives no
longitudinal current, and gives only the transverse cur-
rent. The last term is the Hall-type pumping, which is
perpendicular to emergent electirc fields e, not electric
fields E as in δn2l. The mechanism is similar to the
extrinsic anomalous Hall effect because of skew scatter-
ing [7–9, 36, 37], in which the change of the distribution
function is given as δntrl ∼ dn0ldε (zˆ × E) · v0l. We note
that these expressions are model-independent.
C. Model calculation
The intrinsic anomalous Hall effect, that is, the anoma-
lous current originated from emergent magnetic fields has
been discussed in details (See e.g., Refs [7–9]). Then we
focus on those induced by emergent electric fields. We
find that the adiabatic and Hall-type charge pumpings
vanish because of the symmetry under px → −px and
py → −py. The nonvanishing charge pumping comes
from only the interplay between e andE, and contributes
to the transverse conductivities defined by jx = σxyEy
and jy = σyxEx:
σxy = q
2τ
∑
σ=±
∫ 2pi
ω
0
ωdt
2pi
∫
d2p
(2pi)2
fσpxtv
y
0l
dn0
dε
(εl)
= κ
∑
σ=±
(
p˜3Fσ
R3pFσ
− 3
4
p˜5Fσ
R5pFσ
)[
σ
mλ20
+
1
RpFσ
]
,
(17)
where σyx = σxy, κ = q
2ωτ(∆y −∆x)∆M cos δ/(16piλ0),
p˜ = λp [p˜ = |p˜|], Rp = R(p), pFσ are the Fermi mo-
mentum, and we consider the zero temperature limit.
jx and jy are the average of electric currents over one
cycle of the time-periodic external fields. We here as-
sume that λx0 = λy0 = λ0 to evaluate the momentum
integration with the isotropic Fermi surfaces. In gen-
eral cases, σxy 6= σyx. We note that for µ < |M |, only
the lower band (σ = −) contributes to the conductivi-
ties, and for µ < −|M |, there are contributions from the
inside and outside Fermi surfaces of it if m|M | < λ20.
Eq. (17) is originated from the symmetric and longi-
tudinal change of the distribution function δn1l, and
the conductivity becomes symmetric, σxy = σyx, rather
than antisymmetric, σxy = −σyx. Therefore the cur-
rent (simultaneously) flows in the same direction with
the anomalous Hall current, but contributes to the en-
tropy production (j · E 6= 0). If we consider the asym-
metric and transverse change e.g., due to skew scattering
δntrl ∼ dn0ldε (zˆ×E) ·v0l [7–9, 36, 37], the charge pumping
qeσδntrl now contributes to the longitudinal conductivi-
ties σxx and σyy in an anti-symmetric way.
III. THREE DIMENSIONAL SYSTEM
A. Model Hamiltonian
We consider Weyl Hamiltonian as an three-dimensional
fermion model to have nonzero Berry curvature. The
model Hamiltonian is given as [38, 39]
H = χ
∑
a
σaRa, (18)
where R(p) = (vpx+gDy, vpy−gDx, vzpz)t, and χ = ±1
for right- and left-handed Weyl nodes, respectively. pa
(a = x, y, z) are momentum measured from the Weyl
node. We choose the axis of p, so that the pair of Weyl
nodes related by time-reversal or inversion symmetry are
aligned along the z axis. v and vz are velocities of Weyl
electrons along the x (y) and z directions, which in gen-
eral take different values due to the uniaxial anisotropy
about the z axis. Da (a = x, y) are AC electric field along
the x and y directions. As the coupling to the external
electric field, we consider an orbital coupling with the
coupling strength g, which is allowed by symmetry when
the Weyl node is put away from high-symmetry points,
such as the Γ point [38, 39].
We consider the incident light along the z direction
4D = (D cos(ωt), D sin(ωt + δ), 0), where D, ω, and δ
are, respectively, the square root of the intensity, the
frequency, and the phase shift of light. D describes a
circularly polarized light when δ = 0, pi, and a linearly
polarized light when δ = pi/2, 3pi/2. The Berry curvature
in R space is the same as that of the Rashba Hamilto-
nian. We can calculate the Berry curvature in physical
space ξµ = (t, px, py, pz) in the same way with the Rashba
Hamiltonian by using the pullback.
B. Boltzmann transport theory
In three dimensions, the Boltzmann equation with
Berry curvature corrections is now given by Eq. (12) and
the following classical equation of motion [9, 30]:
(1 + qB · bσ) x˙ = v˜ − bσ × qE˜ + (v˜ · bσ) qB, (19)
(1 + qB · bσ) p˙ = −qE˜ + qB × v˜ −
(
qE˜ · qB
)
bσ,
(20)
where v˜ = ∇pεl − eσ, eσ = (fσpxt, fσpyt, fσpzt), and E˜ =
E+D. E and D are DC and AC external electric fields,
respectively [39]. We neglected the Zeeman energy shift,
which does not modify the following expressions.
The change of spatially homogeneous distribution
function is given as, up to linear order of electric and
magnetic fields,
nl = n0l + δn1l + δn2l
= n0l + τ
dn0l
dε
qE˜ · v0l + τ dn0l
dε
(qB × eσ) · v0l,
(21)
where v0l = ∇pεl. The electric current is given as
j = q
∑
l
(
eσ + bσ × qE˜ − (v˜ · bσ) qB
)
n0(εl)
− q
∑
l
(v0l − eσ) δn1l − q
∑
l
v0lδn2l, (22)
where we define
∑
l ≡
∑
σ
∫
d3p/(2pi)3, and neglected
O(e2) terms. The first term gives the adiabatic charge
pumping [9], the intrinsic anomalous Hall effect [7–9],
and the chiral magnetic effect [40–42]. They are obtained
from the equilibrium distribution function, and nondissi-
pative. The second term gives the conventional dissipa-
tive current induced by electric fields, and the dissipative
charge pumping originated from the interplay between e
and E˜. The last term is the Hall-type charge pumping
transverse to the emergent electric fields. As shown be-
low, it leads to a new type of DC Hall current. We note
that these expressions are model-independent.
C. Model calculation
The anomalous currents originated from emergent
magnetic fields have been discussed in details. Then we
focus on the anomalous currents induced by emergent
electric fields. We find that the adiabatic charge pump-
ing, and the dissipative charge pumping originated from
the interplay between e and E˜ vanish in the linear Weyl
model. The nonvanishing charge pumping comes from
only the interplay between e and B, and is given as, in
the leading order of D,
jx = σ˜xyBy, (23)
σ˜xy = ∓q2τ
∫ 2pi
ω
0
ωdt
2pi
∫
d3p
(2pi)3
f+pzt (v
x
0l)
2 dn0
dε
(εl)
±q2τ
∫ 2pi
ω
0
ωdt
2pi
∫
d3p
(2pi)3
f+pxtv
x
0lv
z
0l
dn0
dε
(εl)
=
χq2ωτg2D2 cos δ
24pi2µ
, (24)
where σ˜yx = −σ˜xy, jz = 0, µ is the chemical poten-
tial measured from the Weyl node energy, and we con-
sider the zero temperature limit. The expression is the
same for positive (µ > 0) and negative doping (µ < 0).
The conductivity takes the maximum value in circularly
polarized light, while vanishes in linearly polarized light
because of the polarization-dependence of the emergent
electric fields [38, 39]. This is the Hall-type photocur-
rent, which flows in the direction transverse to DC mag-
netic fields. Since the electron’s orbital coupling to elec-
tric fields, and the chemical potential measured from the
Weyl node can differ between right- and left-handed Weyl
nodes in the absence of the inversion symmetry [38, 39],
the Hall photocurrent does not cancel between Weyl
nodes, and can contribute to transport phenomena in
the inversion symmetry breaking Weyl semimetals such
as TaAs or SrSi2 [43–47].
In the Weyl semimetals without tilting or nonlinear
term, the adiabatic charge pumping vanishes. Thus the
Hall photocurrent is the first nontrivial effect induced
by emergent electric fields. Even if we take them into ac-
count, the photocurrent from the adiabatic charge pump-
ing is parallel to the Weyl node separation vector (zˆ in
our notation) [38, 39]. Therefore these effects are per-
pendicular to each other and in general distinguishable.
IV. SUMMARY
We have studied the dissipative currents originated
from the interplay between emergent electric fields and
electric/magnetic fields in two- and three-dimensional
models on the basis of the Boltzmann transport theory.
In two dimensions, by studying the Rashba Hamiltonian,
we show that the interplay between emergent electric
fields and electric fields leads to the anomalous current
transverse to electric fields. The dissipative charge pump-
5ing is not anti-symmetric and contributes to the entropy
production. In three dimensions, by studying the Weyl
Hamiltonian, we show that the interplay between emer-
gent electric fields and magnetic fields leads to the dissi-
pative Hall current in the absence of DC electric fields,
which is now transverse to DC magnetic fields. The Hall
photocurrent will be relevant in the inversion symmetry
breaking Weyl semimetals such as TaAs or SrSi2 [43–47].
There are several generalizations of our work. One di-
rection is to consider spatially inhomogeneous change of
the distribution function and calculate the Hall conduc-
tivity at finite-momentum [48, 49]. It is also interesting to
study thermal currents and viscosities. Another direction
is to study higher order terms in electromagnetic fields,
that is, nonlinear transport phenomena [50–52] with tak-
ing the effect of emergent electric fields into account.
We can perform the same analysis in the presence of
the nonabelian Berry curvature on the basis of the non-
abelian version of the kinetic theory [53–56]. There may
arise the dissipative transverse spin pumping or the dissi-
pative B-induced Hall-type spin pumping, which is origi-
nated from the interplay between emergent electric fields
and electric or magnetic fields e.g., in graphene or Dirac
semimetals.
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